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ARTICLE INFO ABSTRACT

2010 MSC: The properties of emitting ions in a plasma provides both potential for plasma diagnostics and key information
00-01 required for plasma modeling. Generalized collisional radiative theory provides a powerful tool for the modeling of
99-00 low and moderately dense plasmas. A new Python program is presented that solves the collisional radiative and

ionization balance equations for application to fusion, laboratory, and astrophysical plasmas. It produces gen-
eralized coefficients that can be easily imported into existing plasma modeling codes and spectral diagnostics. An
overview of the code is presented, along with selected results for applications to high-Z plasma facing components.

1. Introduction

Collisional Radiative (CR) theory was originally developed by Bates,
Kingston, and McWhirter [1] and was later generalized to include the
role of metastable states (see the review article by Summers et al. [2]).
Generalized collisional radiative theory has been successful at accu-
rately modeling both astrophysical [3] and laboratory plasmas [4]. This
method produces a set of atomic parameters known as Generalized
Collisional Radiative (GCR) coefficients that are convenient for use in
plasma modeling codes [5].

In this paper, a brief review of generalized collisional radiative
theory is presented and then a new Python code that has been devel-
oped (ColRadPy) will be described. A number of other collisional ra-
diative codes exist, including those in the ADAS suite of codes [6], the
CHIANTI suite of codes [7] and atomDB [8]. The purpose of the newly
developed code that is presented here is to provide a convenient Python
model that can be incorporated into other Python codes. This code is
designed to take ADAS formatted data input files and produce standard
ADAS output files as well as to hold the results in Python arrays.

In the next section, a theoretical description of the collisional ra-
diative equations and the GCR coefficients will be presented. Section 3
compares ColRadPy with the widely used and tested ADAS suite of
codes. Section 4 gives example applications of ColRadPy for neutral
molybdenum and neutral beryllium.

2. Review of generalized collisional radiative theory
2.1. Excited populations and emissivity

Generalized collisional theory balances the rate equations for
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populations of ground, metastable, and excited states. The atomic
processes that impact the rate equations include: electron impact ex-
citation/de-excitation (q), electron impact ionization (S), electronic
recombination (including radiative recombination, dielectronic re-
combination and three body recombination) (R), and spontaneous
emission (A). There are additional possible process that become im-
portant for particular applications e.g. (charge exchange) that are not
discussed here. The terms in parentheses indicate the variables assigned
for these processes in the paper. All of these processes have been de-
scribed in detail elsewhere [2]. We illustrate electron impact excita-
tion/de-excitation and spontaneous emission below.

Electron impact excitation occurs when the energy state of an im-
purity atom is increased due to the interaction with a free electron
Eq. (1) where X*Z is the impurity atom and e is the electron with the e
denoting the energy of the state.
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Spontaneous emission occurs when an electron decays from a higher
to lower energy state Eq. (2) and emits a photon. The emitted photon
will have energy equal to the difference between the levels of the im-
purity atom.

Xt2() - X*2(30) + hy 2

These two processes are sufficient to describe the coronal approx-
imation where the sole populating mechanism is excitation from the
ground state and the only depopulating method is radiative decay. The
coronal approximation is valid in the low density limit of a plasma. The
opposite limit is when collisions dominate over all other populating
mechanisms and level populations are driven to the Local
Thermodynamic Equilibrium (LTE) values.
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Consideration of all transition rates is required when densities are in
between the two limits. This is referred to as the collisional radiative
regime. The collisional radiative formalism covers all three regimes and
is known as collisional radiative theory [1] where the excited state
populations are solved as a coupled system of first order differential
equations (rate equations), see Eq. (3). Fusion plasmas as well as many
other experimental plasmas are in the collisional radiative regime and
neither the coronal or LTE approximations are appropriate. Instead, a
collisional radiative model must be used. Modeling collisional radiative
processes are essential for transport modeling both in the edge and core
of fusion plasma. Collisional radiative processes also play a large
role in modeling plasma material interactions. The important role of
atomic processes necessitates accurate modeling which will be detailed
herein.

The following is the set of collisional radiative rate equations. To
illustrate metastable resolved coefficients, we consider a system that
has both ground and metastable states. Metastables are long lived states
that can not electric dipole decay to any lower level. Two adjacent
charge states and the excited states of the lower charge state are con-
sidered.
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In the lower charge state, the ground is denoted by o; and the
metastable by o,. The excited levels of the lower charge state are de-
scribed by i. The upper charge state ground is denoted by v; and me-
tastable by v,. The equations show the time evolution of both ground,
metastable states, and excited states. Note that excited states do not
have long life times and normally contain a small fraction of the total
population.

In the quasistatic approximation of the GCR equations, the excited
states are assumed to be in equilibrium with the ground and metastable
states. Therefore, the rate of change of the population of these states
can be set to zero (dN;/dt = 0), in the quasistatic approximation. The
system of equations, Eq. (3), can be represented in matrix form (see the
ADAS 208 manual [6]). While the rate of change in the excited state
populations can be set to zero, this is not true for the ground and me-
tastable states. These ground and metastable populations can vary with
time in the plasma. In addition, plasma conditions such as T, and n, can
also change on time scales that are faster than the time required for
these states to reach an equilibrium value.

The excited state populations can now be solved via a matrix in-
version, with the ground and metastable states brought as unknowns to
the right hand side, leading to the reduced collisional radiative Eq. (4).
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C’ is defined as the reduced collisional radiative matrix. A choice
now arises in the normalization of the population. In some cases, ex-
cited states can have significant populations. When significant popu-
lations exist in excited states, a normalization with respect to the total
population is required instead of normalizing to the ground and me-
tastable populations.

The excitation Photon Emissivity Coefficient (PEC) is defined as the
population of a level multiplied by the spontaneous emission coeffi-
cient. The PEC can be thought of as a function of the driving ground
metastable populations of adjacent ionization states. The PEC is then
dependent on excitation, ionization, and recombination. This is related
to the spectral line intensities, and in most cases, excitation processes
dominates the PEC. Table 1 shows the PEC definition, for brevity only
the excitation portion of the PEC is given, denoted with the superscript

Cav?

ex.

2.2. GCR coefficients

Both ADAS and ColRadPy allow the user to choose levels that are
defined in the code to be metastable. When a level is not chosen to be a
metastable it is assumed to be an ‘excited’ state. Excited states are as-
sumed to be in equilibrium population with the ground state which
effectively sets dN/dt of the metastable to be zero (see Eq. (3)). Gen-
erally, for light impurity species there are very few or no metastable
levels selected.

Once the excited populations have been determined, different de-
rived coefficients can be defined that are convenient for plasma physics,
particularly for impurity transport codes. The so called GCR coefficients
as defined by Burgess and Summers [9] represent a way to sum the total
possible ways for a process to occur. The same definitions for the GCR
coefficients are used in this work and summarized in Table 1. The GCR
coefficients assume Einstein summation over subscripts. A physical
description of the GCRs can be helpful in interpreting the meaning
behind them. For example, the total ionization from one charge state to
the other is defined as the SCD. The total recombination from a charge
state to the charge state of interest is defined as the ACD. The SCD and
ACD give the rate of population transfer from one ionization state to an
adjacent ionization state. The situation for systems with metastable

Table 1

GCR and derived coefficients.
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states requires that the effective ionization and recombination rates be
metastable resolved. In addition, it requires metastable cross coupling
coefficients known as QCD and XCD coefficients. The QCD coefficient
represents the transfer of population from one metastable state to an-
other within the ionization state of interest and includes both direct
population transfer between metastable states as well as the transfer via
an intermediate excited state. The XCD coefficient represents the
transfer of population between metastable states from the ionization
stage just above the stage of interest. Populations in the upper ioniza-
tion stage can recombine into the ionization state of interest from one
metastable, redistribute through all the states and then ionize back into
a different metastable state of the upper ionization state.

2.3. Determination of dominant populating mechanism

The GCR coefficients are the summation of all the pathways through
all of the states. Each term in the summation can be used to evaluate the
individual contributions to the population of a state. For instance, the
intermediate level that populated a level of interest can be calculated by
not carrying out the summation of Eq. (5). An example of these con-
tributions applied to a neutral molybdenum system is detailed in
Section 4. Similarly, the contributions of a level to the total ionization
as well as recombination can be calculated.

3. Implementation of ColRadPy and comparison to ADAS

ColRadPy takes input files with effective collision strengths, ioni-
zation rates, recombination rates, and spontaneous emission coeffi-
cients. From these coefficients, the collisional radiative matrix is con-
structed. While not dependent on adf04 files [10], ColRadPy can read in
this standard file format. The speed of ColRadPy allows for GCR coef-
ficients and other quantities of interest to be calculated on the fly, al-
lowing ionization balance calculations to be run directly from an ADAS
adf04 input.

ColRadPy is capable of generating some basic atomic data such as
Exchange Classical Impact Parameter (ECIP) ionization [9] and three-
body recombination [11]. ECIP ionization rates can be made within
ColRadPy by providing energy and level information for any level. ECIP
is based on the work of Burgess [9]. Three body recombination is also
calculated within ColRadPy using the collisional ionization rate coef-
ficients and the detailed balance relation. ECIP is used when no fun-
damental ionization data is available for a given level.

ColRadPy is capable of handling an arbitrary number of metastables
as well as a user-defined set of temperature and density grids. The
NumPy linear algebra package [12] is used to invert the CR matrix.
When possible, matrix operations are used to increase the speed of the
code. All data related to the calculation is stored in a Python dictionary
and is easily accessible.

ColRadPy results have been compared to ADAS [6] for C2* to con-
firm validity of the code. C?* was chosen because it has metastables in
both C?* and C3* allowing all of the functionality to be tested with a
small number of excited states included.

The ADAS data was downloaded from open-ADAS [10]. The popula-
tion of individual levels has been confirmed to match ADAS over the tested
parameter ranges. The GCR coefficients followed, matching over the tested
parameter ranges. Both populations and GCR coefficients agreed to within
numerical rounding errors for the parameter ranges tested.

ColRadPy is also capable of solving the full collisional radiative
matrix time-dependently, ADAS is currently not capable of doing this.
Time-dependence can be important for systems where there is sig-
nificant population in many excited states or where ultra fast timescales
need to be considered. Instead of the quasi-static approximation used in
Eq. (4) where excited states are assumed to have no population change,
the matrix is solved as a system of ordinary differential equations
n'(t) = An(t). The method used to solve the system of equations was
adapted from R. LeVeque [13].
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Fig. 1. Burgess-Tully effective collision strength extrapolation. (a) Effective
collisional strengths for Mo I 4d®5s(’Ss) <> 4d°5s(°F;) transition is in blue.
Extrapolated Burgess-Tully fit in red. Last R-matrix calculated point and infinite
energy point are the blue dots. (b) Effective collisional strength of the R-matrix
calculation in blue and the extrapolated data in red. (For interpretation of the
references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)

3.1. Extrapolation to higher temperatures

Extrapolation to temperatures higher than originally calculated
from atomic codes can be accomplished with ColRadPy if the atomic
data file includes limit points. This is achieved via the use of
Burgess-Tully extrapolation [14]. The practical use of this will be dis-
cussed in Section 4.

As an illustration of ColRadPy, results will be presented for neutral
molybdenum. Near neutral high-Z elements require more computa-
tional resources to calculate than previous low-Z elements due to the
larger basis set that is required. The large basis sets do not allow cal-
culations to be run up to high temperatures [15] and therefore require
extrapolation to apply the calculation to possible divertor conditions
where these near neutral systems exist. While extrapolation can be
applied to any system where an infinite energy point was calculated, it
is generally complex neutral systems that require this extrapolation. For
example, the Mo neutral calculation was only calculated up to 17 eV.
Divertor plasmas can produce temperatures much higher. Fig. 1 shows
the extrapolation to higher temperatures for a transition between two
neutral Mo levels 4d°5s("S3) and 4d®5s(°F;). While the extrapolation
can be carried out to infinite temperature, error in the extrapolation is
reduced for temperatures closer to the last calculated value.

4. Example application of ColRadPy

A new Dirac R-matrix calculation for Mo I was recently completed
and will serve as a test case for ColRadPy [16]. High-Z elements have a
greater possibility of having a significant number of metastable states
when compared to light elements. Metastables are those that are typi-
cally forbidden by electric dipole selection rules. Depopulating me-
chanisms are then limited to non-dipole radiative transitions (those that
are relatively small) and electron impact excitation/de-excitation
leading to a population build up in the metastables which can grow to a
significant fraction of the ground state population. Neutral mo-
lybdenum has one metastable that has been investigated. However, if
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Fig. 2. Intermediate populating levels responsible for populating the neutral
Mo 4d°sp("P,) and 4d°5p(°Ps3) energy levels. These levels produce strong
emission lines at 379.8 and 550.6 nm. The red vertical lines in each plot cor-
respond to the ground state contribution, see discussion in Section 4. (a) Po-
pulating levels for 4d°5p(”P,), most of the population is being excited directly
from the ground. (b) Populating levels for 4d55p(5P3), a majority of the po-
pulation is coming from other excited states and metastables. (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

populations of ‘excited’ levels are investigated, there are many that
have populations on the order of the first metastable. Excited states in
light elements typically have less than 1 x 10~ population. High-Z
atoms can have many metastable levels which will require modeling to
be carried out for each metastable. ColRadPy is capable of modeling an
arbitrary number of metastable states. When metastable levels are
present, the excited states become functions of both the ground and
metastable populations. This means that the GCR coefficients as well as
the derived coefficients are functions of the ground and metastable as
well. When a ground state only calculation is carried out, it assumes
that the metastable populations are in equilibrium with the ground
state. If this is not the case, a metastable calculation must be completed
using the non-equilibrium metastable fractions.

ColRadPy also allows the user to determine which intermediate
levels populate a level of interest with Eq. (5) if the summation is not
carried out. This allows one to see which levels in a calculation are
important to modeling the spectral lines of interest. The Mo case study
shows two interesting types of levels: those that are populated directly
from the ground and those that are populated through intermediate
steps as can be seen in Fig. 2. In the collisional radiative equations
population starts in the ground state and then is distributed among
other levels. The populating mechanism directly to the level of interest
from the ground is seen as a spike at the number level of the level being
investigated. For example, Fig. 2 (a) is level 50 which shows a large
peak at level 50 corresponding to a large fraction of the population
coming directly from the ground state. From Eq. (5), the term
Cs0,50 Cip'oNo will show up as a spike at level 50. Conversely, Fig. 2 (b)
there is still a peak at level 71 corresponding to the ground directly
populating level 71 and the significant fraction of populating me-
chanisms coming from other excited states are seen in the small peaks.

When viewing this kind of plot, it becomes obvious that some levels
such as 4d®sp(“P,) (level 50) producing the 379.8 nm line can be
modeled using only excitation from the ground and then a spontaneous
emission down to the ground state. Plots of population fraction identify
which transitions are required to accurately model spectral lines and
make it possible to simplify complex systems such as high-Z near neu-
tral systems.

ColRadPy is also able to preform an ionization balance in order to
calculate time dependent changes in the metastable fraction as well as
ionization states of elements.
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4.1. Metastable influence on modeling high-Z atoms

Collisional radiative modeling is also required for accurate plasma
transport modeling. A variety of transport codes from core to edge use
collisional radiative modeling such as STRALH, ERO, UDEGE as well as
many others [5,17]. Transport codes must track ionization states of
impurity ions. In some cases, ionization states are ‘bundled’ together to
reduce computational time [18]. Modeling metastable states may be
required to accurately model low ionization states of high-Z atoms
important for erosion measurements in fusion devices. Therefore, it is
important to quantify if metastable states are important in the modeling
of high-Z atoms.

From ColRadPy results, it is clear that there are potentially many
levels in Mo I that have enough population to be considered a me-
tastable state and is apparent with other high-Z atoms such as tungsten.
Clearly, transport codes cannot feasibly consider more than a few me-
tastable states. A trade off must then be made between accurately
modeling the system and computational time. Many modeling codes
cannot handle more than a few metastable states. For example, pre-
sently the ERO code can only model a ground state and one metastable
for a given ionization state [19].

As mentioned above, the collisional radiative equation can be
solved time dependently through the method of R. LeVeque [13]. When
the equations are solved with this method, the quasistatic approxima-
tion is not assumed. Effectively every level is treated as metastable. The
non-quasistatic solution can then be compared to the more widely used
method solving the excited states as functions of the ground and me-
tastable states while using a non-equilibrium ionization to get the time
dependent population of the ground and metastable states.

A comparison can be made between the non-quasistatic solution and
the more widely used method. For systems with no metastable states or
very few (such as light systems), one would expect that the conven-
tional method should reproduce the full solution once all metastable
states have been accounted for in the ionization balance. Neutral ber-
yllium was chosen as a case study because it is a light species with a
metastable. Fig. 3 shows that the time dependent line intensity for the
Be I line cannot be modeled accurately with just the ground. A me-
tastable state is required in order for the quasistatic solution to accu-
rately reproduce the non-quasistatic solution. Adding more than one
metastable state does not significantly improve the conventional
method because higher levels in Be I have small populations and have
reached their steady state populations. Thus for Be I, one metastable is
sufficient for accurate CR modeling.

Results for Be I are in contrast with the results for Mo I. Fig. 4 shows
that the time dependent line intensity cannot be modeled accurately
even with ten metastable states included. Lines that are populated
significantly from metastable states (for example Mo I 379.8 nm) have
two additional complications for heavy species. First, the metastable
and ground can take a significant amount of time to reach equilibrium
and therefore might need to be modeled time dependently. Metastables
can have a significant contribution to the PEC intensity. The black
dashed line in both (a) and (b) of Fig. 5 represents the sum of the
contributions to the PECs from the ground and metastable in equili-
brium. The solid color lines are the individual contributions to the PEC
from both the ground and metastable. It is clear that in Fig. 5 (a), most
of the contribution to the PEC comes from the ground state while in (b)
there is a larger contribution to the PEC from the metastable level. The
second complication is that a large number of excited states are not well
described by the quasistatic approximation requiring a significant
number to be modeled time dependently. In the case of Fig. 4, even 10
metastables are not sufficient to reproduce the results from the non-
quasistatic CR model, see the difference between the red and black
dashed lines. The use of bundling methods [20] may allow for closer
reproduction of the full solution while maintaining a small number of
metastables and will be investigated in the future. It is assumed that all
the population starts in the ground state as opposed to some fraction of
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Fig. 3. Comparison of full time dependent and conventional solution for Be I at
T. = 20 eV, n. = 1 x 1083 cm~3. (a) Non-quasistatic solution is illustrated by the
black dashed line; conventional solutions with different numbers of metastable
states are solid color lines. (b) Eigenvalues from the non-quasistatic solution.
The ground and metastable states have markedly different values than the ex-
cited states and are represented by the two highest points in the figure.
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Fig. 4. Comparison of time dependent and conventional solutions for Mo I at
T. = 8 €V, n, = 5 x 10t cm~3. (a) Full solution is illustrated by the black dashed
line. Conventional solutions with different numbers of metastable states are the
solid color lines. (b) Eigenvalues from the non-quasistatic solution show a
‘continuum’ of decreasing values with no clear distinction between metastable
and excited states as is seen for Be L.

the population beginning in a metastable state and requires that any
atom eroded from a plasma facing material would come off the surface
in its ground state. Experimental verification could be accomplished by
observing spectral line emission near the plasma facing components.
Experimental measurements from [21] suggest that most of the popu-
lation starts in the ground state. Lines that are populated mostly from
the ground should decay away from PFC as population is transferred
from the ground to the metastable states. Spectral lines that are
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Fig. 5. Metastable resolved photon emissivity coefficient for Mo I 379.8 nm (a)
and 550.6 nm (b). Ground state only calculation is illustrated by the dashed
black line for each transition. Solid color lines blue and green are the ground
state and first metastable level at their steady state equilibrium fraction. (For
interpretation of the references to color in this figure legend, the reader is re-
ferred to the web version of this article.)

populated significantly from metastable states like those shown in
Figs. 5 and 2 should peak in intensity at some time later than those
populated directly from the ground as it takes some time to get colli-
sional redistributed to the metastable state and populate the PEC.

5. Conclusions

The background of collisional radiative theory as well as the im-
plementation of a new collisional radiative set of codes (ColRadPy) has
been discussed. The flexible code allows for in-depth analysis of colli-
sional radiative theory in addition to generating GCR coefficients for
input into transport codes. The unique challenges of heavy species re-
levant for divertors in fusion devices are investigated. The large number
of metastable states required to accurately model heavy species pre-
sents unique challenges both to CR modeling as well as plasma trans-
port. A method to estimate important metastables is outlined and may
serve to guide modeling efforts in the future.
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